At the linear level, the gravitational wave (GW) spectrum predicted by inflation, and many of its alternatives, can have arbitrarily small amplitude and consequently an unconstrained tilt. However, at second order, tensor fluctuations are sourced by scalar fluctuations that have been measured in the cosmic microwave background (CMB). These second order fluctuations generically produce a minimum amount of tensor perturbations corresponding to a tensor-to-scalar ratio of r ∼ 10 −6 . Inverting this relationship yields a bound on the tensor tilt sourced by scalar fluctuations. Since this induced GW spectrum depends on the scalar spectrum, we derive a new indirect bound that involves all scales of the scalar spectrum based on CMB observations. This bound comes from the constraint on the number of effective relativistic degrees of freedom, N ef f . We estimate the bound using current data, and the improvements expected by future CMB experiment. The bound forces the running and running of running to conform to standard slow-roll predictions of α, β (n s − 1) 2 , improving on current CMB measurements by an order of magnitude. This bound has further implications for the possibility of primordial black holes as dark matter candidates. Performing a likelihood analysis including this new constraint, we find that positive α and/or β are disfavored at least at 1σ. Finally, using bounds on the fractional energy density of gravitational waves today obtained by LIGO and the Pulsar Timing Array, we obtain a bound on the primordial scalar spectrum on these scales and give forecast for future measurements.
Introduction
A stochastic gravitational waves background (GW), could be produced by a multitude of physical phenomena on different eons and scales ranging from Early Universe scenarios through phase transitions to incoherent accumulation of binary black hole coalescence [1] [2] [3] [4] [5] [6] . The fractional energy density stored in GW is therefore an invaluable probe of these physical phenomena.
One can probe the energy density of the stochastic gravitational wave background in several ways in different epochs and on different wavelengths. Cosmic Microwave Background Radiation (CMB) observations, and specifically the B-mode polarization measurements, have persistently probed GW on the largest possible scales and have tested Early Universe scenarios, most notably inflation [3, 4] . Such measurements probe the GW energy density at the time of decoupling. The CMB program is expected to continue in the foreseeable future improving the accuracy of various cosmological parameters by an order of magnitude or more [6] [7] [8] [9] . More recent measurements on intermediate and small scales include LIGO and the Pulsar Timing Array (PTA) respectively [1, 10] . Such experiments probe the energy density of GW today. While these probes are also sensitive to various Early Universe scenarios, they are mostly expected to detect other physical phenomena such as phase transitions or other astrophysical phenomena, [1, 2, 10] .
Early Universe models based on quantum fluctuations, whether inflation or bounce, predict a primordial scalar/density spectrum and a tensor/GW spectrum. Our focus henceforth will be on these spectra and on ways to constrain them. CMB and BAO measurements have measured the scalar spectrum on scales H 0 < k < 1M pc −1 to be P S = A s k k 0 ns−1 , A s = 2.1 × 10 −9 , n s = 0.965 (1.1) and have placed an upper bound on the similarly defined GW spectrum P T = A T k k 0 n T in the form of the scalar to tensor ratio r, [3, 4] :
k 0 is the so called pivot scale that somewhat differs from one experiment to the other, but for our purposes we shall take it to be k 0 = 0.05 M pc −1 . In the following, k eq = 0.01 M pc −1 in compliance with Planck 2018 analysis.
Combining LI, PTA and CMB observations, allows us to try and probe not just the amplitude of the GW spectrum r, but also its frequency dependence or tilt. Such works have been carried out in e.g. [11, 12] , and the future LI and CMB measurements will certainly improve those constraints.
Large parts of the GW spectrum are inaccessible neither to CMB, nor to LI nor PTA experiments in the foreseeable future. To probe these parts of the spectrum, one resorts to indirect probes. In the context of GW, [13] calculated the predicted spectral distortion signal given a tensor spectrum, while in [11] , a likelihood analysis assuming some GW spectrum P T was carried out. Of specific interest is the fact that GW are relativistic degrees of freedom and as such, they affect BBN and the CMB temperature anisotropies measurements. The GW energy density contributes to the number of effective relativistic d.o.f. at the time of decoupling, N ef f . The dependence of N ef f on the GW spectrum was derived in [11] . where N ef f = 3.046 is the Standard Model prediction and current 68% confidence level suggest ∆N ef f ≤ 0.19. Thus, N ef f provides an indirect probe of all scales of the GW spectrum. It is important to note that as long as r is not measured, (1.3) holds limited promise, as the amplitude A T and therefore r can be arbitrarily small. Bouncing models, for instance, predict r < 10 −30 , and only a handful suggest an observable r [14, 15] .
A similar situation of inaccessibility occurs for the scalar spectrum, where we have so far probed only 8 out of the expected 50 − 60 'e-folds' of inflation. This limit is not expected to improve in the near future, due to built-in non-linearities. Nevertheless, indirect probes have provided useful indications and constraints on the scalar spectrum [16] [17] [18] [19] [20] on scales beyond primary CMB scales.
The above discussion implicitly assumed full decoupling between the scalar and tensor modes. It is valid in first order in perturbation theory. However, at second order, scalar fluctuations act as sources of tensor fluctuations [21] [22] [23] . These induced, second order tensor fluctuations are related to the scalar (first order) spectrum via P
(2) T ∼ P 2 S . Given the already measured scalar spectrum (1.1), one is guaranteed a tensor signal at the level of r ∼ 10 −6 on CMB scales. If, in the distant future, such a signal is not measured, we have misinterpreted our Early Universe paradigm or detected violations of general relativity. Analysis related to this second order GW spectrum and its phenomenological consequences has recently been discussed in [24] [25] [26] [27] Given this induced GW spectrum, it can be constrained or measured by LI and PTA experiments. Furthermore, by adapting (1.3) to the induced spectrum, it will also contribute to N ef f . Due to its functional dependence on the scalar spectrum, LI and PTA provide an indirect probe of the scalar spectrum on relevant scales. Better yet, N ef f will now be sensitive to all scales of the scalar spectrum. Hence, we have novel probes of the scalar power spectrum at scales inaccessible to primary CMB constraints. Moreover this indirect N ef f constraint is based on CMB data alone.
In this paper, we analyze how N ef f , LIGO and PTA data constrain the various param-eterizations of the scalar power spectrum and give forecasts for future experiments that are the Simons Observatory (SO), Stage 4, SKA-PTA and LISA. Given that N ef f will include an integral over all scales it will be sensitive to enhancements of the spectrum and to the smallest scales, i.e. the UV cut-off. While each parameterization has limitations, it still uses a minimal number of parameters and avoiding our conclusions require additional parameters that make the spectrum more fine-tuned and less plausible. We find that N ef f strongly constrains deviations from the constant n s spectrum. In particular it forces the running and the running-of-running to conform to the standard slow-roll hierarchy, α, β (n s − 1) 2 . Such a constraint rules out a large portion of the parameter space allowed by Planck. We further perform a likelihood analysis including the N ef f constraint and find that positive α, β are disfavored by at least 1σ.
These constraints rule out certain scenarios for primordial black holes formation (PBH), that have recently emerged as possible dark matter candidates [28] .
The paper is organized as follows, in section 2 we list the different experiments we are interested in and their forecasts for relevant parameters. In section 3 we reproduce the major steps leading to the induced tensor spectrum, and the parameterizations of the scalar spectrum we are interested in. In section 4 we calculate the predicted N ef f and the allowed parameter space. In section 5 we report the results of a likelihood analysis. In section 6 we discuss constraints on the spectrum due to present day measurements. We then conclude.
Relevant Experiments
We divide the different experiments into two categories. One category is the CMB observations that probe the GW energy density at the time of decoupling. Usually it is specified in terms of r, the tensor-to scalar ratio and wavenumber k. These measurements probe the GW energy density on largest scales, k k eq . Furthermore, CMB observations also probe N ef f . The second category probes the GW energy density today such as LIGO and PTA. In these cases, one usually writes down the fractional energy density, Ω GW as a function of frequency f .
These measurements probe much smaller scales with k k eq . In Table 1 we list the different experiments and their forecasted sensitivities. The table allows simple comparison between the different scales and sensitivities. The conversion between frequencies and wavenumbers is
where we have used c = 3 × 10 8 m/s as the speed of light. The relation between P T and present
day Ω GW is [23] :
Carrying out the CMB experiments up to Stage 4 will decisively constrain a narrow space of allowed inflationary models, or will rule out all large field models. (1.5 − 15) × 10 12 0.001-0.01 Table 1 : The forecast of constraints on r and ∆N ef f for different experiments. The details were taken from [6, 8] . The quoted bound on r for the CMB future probes is the forecast for σ(r). The CVL result is based on a Fisher matrix analysis.
3 Gravitational waves spectrum induced by primordial scalar perturbations In this section we repeat the main steps in the calculations done in [21] [22] [23] and derive an expression for the contribution of the induced GW to N ef f . The bottom line is that we have an expression for the GW energy density for all times. We start from the background Friedmann equations:
Here ρ (0) and P (0) are the homogeneous background density and pressure, respectively, and the prime denotes a derivative with respect to conformal time, η. At linear order in perturbation theory, different k-modes in Fourier space are independent. In the absence of an external source, the mode equation for the tensor perturbation reads, Q k = ah k :
This is in contrast to the second order Einstein equations, G
µν , where different kmodes mix and scalar, vector and tensor modes are not independent. Instead, there will be a second-order contribution to the tensor mode, h (2) ij , that depends quadratically on the first-order scalar metric perturbation.
Consider the FLRW metric perturbed up to second order,
ij and we have ignored first-order vector and tensor perturbations. The projected Einstein equations with the tensorT lm ij are given by [22] ,
and the mode equation gets a source term:
where, w ≡ P (0) /ρ (0) , is the equation of state parameter, Φ ≡ Φ (1) and Ψ ≡ Ψ (1) . The Fourier transform of tensor metric perturbations is
where the two time-independent polarization tensors e ij ,ē ij are written in terms of the orthonormal basis vectors e andē orthogonal to k,
The equation of motion for the gravitational wave amplitude for both h andh reads
where the source term, S, is a convolution of two first-order scalar perturbations,
The particular solution of (3.10) is then derived using the Green's function:
where
Evaluating the two-point correlation function results in (3.14) and its relation to the power spectrum, is defined as:
Hence, the fractional energy density of the induced GW is then given by
The power spectrum at horizon crossing therefore scales as follows
The transfer function t(k, η) is approximated by
.
Inserting the transfer function and the induced spectrum gives:
(3.20)
Numerically it turns out γ 3, A
(2) GW 10. The behavior of large k is due to subhorizon modes that have not settled down yet. It is given by:
The modes that have not settled down will be our primary interest for two reasons. First, considering CMB observations and limits on N ef f , part of N ef f is the integral over all wavenumbers of the stochastic GW background. If the GW spectrum is blue, the unsettled modes will be a dominant contribution to N ef f . Second, the GW spectrum today, is directly probed by LI and PTA experiments. These experiments only probe a limited domain of scales. These scales again are the ones related to modes that have not settled down.
Punching in the numbers, for CMB we have a CM B 3a eq , the relevant k c (η CM B )
√ 3k eq and f (k > √ 3k eq ) = 1/3. Hence k > √ 3k eq are the modes of interest when we wish to determine the effect of second order GW on N ef f . For the LI and PTA experiments, a today ≡ a(η 0 ) 3400a eq , yielding k c (η 0 ) 58k eq ∼ 1Mpc −1 . We shall use it to put direct constraints on the primordial scalar power spectrum using LIGO and PTA measurements and provide a forecast for future experiments.
The dependence of N ef f on the GW spectrum is given by [11] :
gives
Using the Planck data [3, 4] , we have a bound at 95% confidence level of 2∆N ef f ≤ 0.38, therefore: probe indirectly all scales of both the scalar and GW power spectrum. By considering various forms of the scalar spectrum we can constrain its parameters measuring N ef f . This is one of the major results of this work. For this purpose, we use several common parameterizations of the spectrum: To a good approximation the integral in (3.24) can be approximated as
. It will therefore be very sensitive to continuous rise in power like with running or a bend, but will be rather insensitive to features localized in k or an increase in the amplitude but not in the tilt (a step). Due to the sensitivity to k U V , we shall consider several scenarios, k U V /k 0 = 10 21 , 10 24 , 10 27 , 10 30 . The first corresponds to two decades beyond LIGO scales and is not theoretically motivated, the second to 60 e-folds of inflation, the third to 67 e-folds and the last to the Planck scale. In all the following figures, shaded regions mean they are excluded regions in violation of the N ef f measurement by 2σ or more. The bounds on ∆N ef f are given in 4.1 n s = const.
The simplest case we start with is a constant n s . Since we know that n s 0.97, this is a purely academic exercise. Nevertheless, substituting a constant n s > 1 yields
and the resulting constraints are given in Fig. 1 . Selected results are also given in the following Table 3 : Constraints on a constant the spectral index n s as given by different UV cutoffs for current data and forecasts for S4.
Running spectral index
Next we consider the case of running and running of running, (3.26) . Such parameterizations provide a good fit to the low multipole power deficit [3, 4, 29] . In the case of vanishing β, there is a simple analytic expression for the integral I:
For β = 0 there is no simple analytical expression.
The results for current data and the forecast for S4 experiment for varying k U V /k 0 is given as a function of α with n s = 0.97, β = 0 in Table 4 . The full results are given in Fig. 2 for various UV scales and spectral index n s .
Next we consider the inclusion of "running of running", β. It is further constrained giving for the most conservative bound with current data, as presented in of this study are given in Fig. 3 where both α and β are allowed to be positive. It is evident that a case of positive β is heavily constrained to be of the order of (n s − 1) 2 for the values of α currently allowed by CMB analysis.
Finally, the discriminatory power of the method, is best presented by overlaying the results on top of likelihood contours of existing data. This is depicted in Fig. 4 , taken from Planck 2015 data with n s = 0.97, k U V /k 0 = 10 21 . Thus, slow-roll hierarchy must be maintained, and in particular having either α or β ∼ (n s − 1) will violate the N ef f bound. So taking this result at face value means that such runnings cannot explain the low multipoles power deficit. In [28] , the requirement was β > 0.03 for PBHs to be a DM candidate, and β 0.002 to produce PBH with mass M > 10 15 gr. Here we show that both are in violation of the bound from N ef f .
One can further consider higher and higher orders of scale dependence, such as γ = d 3 n s /d ln k.
As our analysis shows, any such higher order term will be constrained more severely, and may not help as well. The only way for PBH to be DM is if they were serendipitously produced at some narrow range of wavenumbers, as the spectrum with a bump suggests. Hence, our result confirms that the only valid models are the ones where the slow-roll hierarchy is maintained and at most α, β f ew × (n s − 1) 2 for positive running. 
Bump/particle production
Let us now consider the possibility if a brief period of particle production during inflation.
Such a scenario produces a spectrum with a bump at the relevant wave number, (3.27) . In such a case, N ef f is sensitive to the amplitude of the particle production, but insensitive to the wavenumber, i.e. the e-fold of inflation where it occurred. The only exception being if the bump is at the k i k U V scale. Since the standard spectrum gives a negligible contribution to N ef f , the constraint is basically the integral over the feature. One can actually perform the integral analytically, and the leading term is given by the following: Hence, it is not placing strong bounds on single particle production events. An example of a square feature was numerically integrated and the results is presented in Figure 5 
Step
A spectrum with a step can occur for instance of there are several periods of inflation. To limit the number of free parameters, we assumed that only the amplitude has changed while the spectral index remains the same before and after the step (3.28) .
Since the spectral index is still slightly red, the constraint here is weak. Basically B 10 −2 − 10 −1 depending on wavenumber where the step occurs (k i ). A prototypical example is depicted in Figure 6 . Step amplitude Region of constraints Δ N eff > S i Figure 6 : The step function is located at k i = 20k 0 , and what is shown are the constraints for different experimental stages (S1-S4), at the step amplitude vs. underlying n s . The bend parameterization provides a reasonable approximation to models with non-monotonic slow-roll parameter , such that r 0.01 while the field excursion is still small, ∆φ ≤ 1 [30] [31] [32] .
(4.6)
Since the integral is dominated by k U V we get a similar behavior to a constant n s > 1 depending on k i and k U V .
Likelihood Analysis
The analysis in the previous section used (3.24) in a strict mathematical sense. However, a
proper estimation of cosmological parameters, requires a likelihood analysis allowing several parameters to vary with proper priors. We have seen that the bound is most useful in constraining the running α and the running of running β. We therefore ran a CosmoMC analysis allowing the variation of α, β and we considered spectral tilts n s = 0.95, 0.97 and various cutoffs k U V /k 0 = 10 21 , 10 24 corresponding roughly to two decades beyond the LIGO band and 60 e-folds of inflation respectively.
Our likelihood analysis uses data from BICEP2, Planck, HST, BAO and the KECK/Planck cross correlation analysis [3, 4, 33] . In addition to the base CosmoMC software distribution It is clear that both parameters are severely constrained with α, β < 0.002. This is an order of magnitude improvement over compared to Planck bounds, and in accord with standard slow-roll predictions of α ∼ (n s − 1) 2 and β ∼ (n s − 1) 3 . Taken at face value, the results again disfavor PBH dark matter models that require β > 0.002 [28] . On the more general level, while the bound does not preclude features in the primordial power spectrum, it certainly weakens the case for a continuous feature while localized features in some small domain of wave-numbers k are still plausible. Combining the analysis of this section and the previous one, a conservative estimate of the allowed running and running of running is given by:
The one and two sigma contours depicted in Figure 8 lie below this line. It would be interesting to include the LIGO data in a future likelihood analysis, potentially strengthening the bound.
Constraints and forecast from other GW experiments
The absence of stochastic GW at LIGO and PTA scales allows us to place direct constraints on the fractional energy density stored in GW produced from scalars, and hence on the primordial power spectrum. For this we do not need to integrate over the spectrum, as we can place direct bounds on the GW or scalar amplitude at each wavenumber. Notice that these bounds do not depend on parameterization, but rather a strong bound on the amplitude of the power spectrum at these scales. Using the expressions (3.19) , (3.20) and the fact that a eq /a today 1/3400 and
, k > 58 k eq (6.1)
Given the bounds from LIGO and PTA, as well as future constraints from LISA, SKA and aLIGO we can constrain the primordial power spectrum, P S . Using (2.1) the current LIGO and PTA measurement are specified in Table 6 . Notice that these bounds are already better than ones obtained by the absence of primordial black holes. Forecasted constraints assuming no detection appear in Table 7 .
These results combined with a compilation of other probes of the power spectrum are given in Figure 9 , where we used [26, 27] . In the figure there are also a few examples of Additionally the third row contains one of the models recovered from this analysis, which is on the cusp of the 68% CL once the N ef f bound is included. This shows that our analysis further constrains the scalar spectrum while compliant with the Planck data.
Regarding the specific parameterization of α and β the LIGO constraint is again the strongest yielding β = 0, α ≤ 0.018 and α = 0, β ≤ 0.0013 from current constraints, and β = 0, α ≤ 0.015 and α = 0, β ≤ 0.0011 with design sensitivity. However the integral constraint from N ef f is stronger for higher k U V . The PTA bound on α, β is also of relevance, as it involves extrapolation only up to k ∼ 10 8 M pc −1 rather than k ∼ 10 16 M pc −1 . In such case β = 0, α < 0.056 and α = 0, β < 0.0077. Future constraints will improve the bounds to β = 0, α < 0.041 and α = 0, β < 0.0057. This is an independent bound on α, β and is an 
Discussion and Conclusions
The joint analysis of CMB, PTA and LI experiments that involves scales separated by orders of magnitude shows a great promise in unravelling the mysteries of the Early Universe. We have taken a modest step towards a joint analysis by considering the constraining power of these upcoming experiments on the scalar primordial power spectrum. Since a scalar primordial power spectrum has been observed, an inevitable consequence is the existence of a tensor power spectrum sourced from the interaction between scalar and tensor fluctuations at second order. This sourced tensor spectrum exists independently of the Early Universe paradigm that reigned, and is constrained in principle by CMB, PTA and LI observations. Considering the basic prediction of r ∼ 10 −6 on CMB scales, our analysis shows that a cosmic variance limited CMB experiment with partial sky coverage and no delensing may be able to detect it. This calls for a more accurate estimate of the theoretical prediction, as well as a more detailed analysis of the systematics of such experiment.
Furthermore, this sourced spectrum is a function of the primordial scalar spectrum. Hence by considering CMB, PTA and LI observations and the relation between the scalar and sourced tensor spectrum, we can constrain the scalar spectrum in a way that has not been considered before and on length scales inaccessible to known probes.
We have demonstrated that considering the contribution of the sourced tensor spectrum to N ef f yields an integral bound on the primordial scalar spectrum. The strength of the bound is parameterization dependent. Barring additional features in the spectrum, it forces the running α to conform to standard slow-roll results of α ∼ (n s − 1) 2 , that is an order of magnitude better than primary CMB constraints. Moreover, the running of running is further constrained to be β < 0.002 (n s − 1) 2 . S4 experiments are expected to improve these bounds. Finally, we derived a direct bound on the amplitude of the primordial scalar spectrum using LIGO and PTA current measurements, as well as forecasts for future measurements. This direct bound is, to our knowledge, the best bound on these scales, and improves bounds based on the absence of primordial black holes by more than an order of magnitude. The results presented here strengthen the case of "vanilla type" inflation without additional features.
